We compute the stationary in-degree probability, P (kin), for a growing network model with directed edges and arbitrary out-degree probability. In particular, under preferential linking, we find that if the nodes have a light tail (finite variance) out-degree distribution, then the corresponding in-degree one behaves as k −3 in . Moreover, for an out-degree distribution with a scale invariant tail, P (kout) ∼ k −α out , the corresponding in-degree distribution has exactly the same asymptotic behavior only if 2 < α < 3 (infinite variance). Similar results are obtained when attractiveness is included. We also present some results on descriptive statistics measures such as the correlation between the number of in-going links, Kin, and outgoing links, Kout, and the conditional expectation of Kin given Kout, and we calculate these measures for the WWW network. Finally, we present an application to the scientific publications network. The results presented here can explain the tail behavior of in/out-degree distribution observed in many real networks.
Introduction
Barabási and Albert [1] discovered that several networks in nature have a strange topological characteristic: they have a scale-free [2-4] degree distribution, P (k) ∼ k −α , where the degree of a vertex is defined as it total number of connections. Nowadays, this empirical behavior is confirmed in a great number of completely different empirical networks, from biological networks to e-mail networks, including scientific publication networks. Focusing on undirected networks, in [1] the authors also proposed a model (B-A model) for explaining this behavior. The model can be formulated as follows: 1) start with a network with N nodes, connected by j edges in an arbitrary way; and 2) at each time step, a new node with m edges appears, each edge connecting to the existing nodes according to some probability law, π. The probability that a new edge attaches to a node with degree k, π k , was defined [1] as proportional to the degree of the node. In particular, they showed that with this attachment law,
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where N k is the number of nodes with degree k, the stationary degree distribution has a power law tail, P (k) ∼ k −3 . In [5] they computed the stationary degree probability (not only the tail behavior) for the B-A model, but for a generalization of the preferential linking attachment law. They introduced a new parameter, the attractiveness, A (in their case A ≥ −m), and defined the attachment law as:
In this case, they found that P (k) ∼ k −(2+A/m) , being more flexible for comparing to empirical networks. Typically, degree distribution of real networks satisfy, P (k) ∼ k −α with 2 ≤ α ≤ 3. But the B-A model, no matter which is the attachment law, has a major drawback, the number (m) of edges that arise from new nodes is a fixed number. In almost all real networks, the new nodes do not have the same number of edges. On the other hand, the number of edges of a random selected new node (from a real network) is a random variable. So, in order to be more realistic, we will study the B-A model in the case where the new nodes appear with a random number of edges, but in the more general context of directed growing networks. In this context, new questions arise from empirical networks.
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The European Physical Journal B Directed networks are characterized by the fact that the edges are directed (arrows), each node has edges that point at it, and others that born in it. The in-degree of a node is defined as the number of incoming edges, the out-degree as the number of its outgoing edges, and the degree is the sum of the two previous ones. The most studied directed growing networks have been the WWW network [7, 8, 13] , and the scientific publications network [6] . In the first one, each node represents a web page and the hyper-links (references to other web pages) represents the directed edges or links. In the second one, each paper is a node, and its references the directed links. In this last case, the in-degree distribution represents the distribution of citations for a random selected paper, and the outdegree distribution represents the number of references of a random selected paper. Interestingly, real directed growing networks follow in general one of two possible behaviors. In the first case they have an out-degree exponential distribution, P (k out ) ∼ a kout (0 < a < 1), or an out-degree distribution taking finitely many values, associated with an in-degree distribution with a power law tail
in where typically α ≈ 3. In the second case the out-degree distribution satisfies P (k out ) ∼ k In this paper, we address the question of why the empirical growing directed networks show this strange general behavior for the tail of the in/out degree distributions. We study a particular growing network model (a generalization of the B-A model to be precise), obtaining the stationary joint in-out degree distribution, P (k in , k out ), and some of its derivatives, such as the marginal distribution, P (k in ), the covariance, and the conditional expectation of the number of in-links given the number of out-links. In particular, studying in detail P (k in ), we prove (for the model presented here) that it is expected to observe the in/out tail behavior reported for real networks [2] [3] [4] . Finally we present an application to the most "pure" (extremely few double arrows) growing directed network: the scientific publication network. In this application, we show the relevance of having an expression for the limit indegree distribution (P (k in )) for an arbitrary out-degree one (P (k out )).
Growing directed network model
Before describing the model, it is important to remark that real directed growing networks have in general a considerable asymmetry between the in-links and out-links of a node. For example, nobody will care much about how many references (out-links) an own paper has, but people are interested in the number of cites (in-links) that their own paper has. That is why we are going to treat the outlinks from a new node and the in-links in a completely different way. In particular, a node can receive (with positive probability), a connection from a new node at any moment, but typically a node can not change who their Fig. 1 . Scheme of the growing network model. In each temporal step a new node (shown in black) with Kout outlinks appears; these links point towards existing nodes. Kout is not a fixed number, on the contrary it is a random variable. The degree vector at time 0, and 1 is: N 0 = (1, 4, 0, 0, 1, 0, 0, 0, ..., 0, ...), N 1 = (1, 4, 1, 0, 0, 1, 0, 0, ..., 0, ...) .
pointers (the set of nodes it is pointing to) are. This is very clear in the scientific publications network. In this network the in-degree distribution has been extensively study [6, 8] , whereas the out-degree distribution has been poorly reported [10, 12] . Nevertheless, in the case of the WWW network, the outgoing links (hyper-links) can change at any moment and new hyper-links can be aggregated or old hyper-links can be redirected. In [7, 8] they proposed some models for describing this network taking into account the characteristics mentioned above. However these models do not consider that the new nodes have a particular out-degree distribution, i.e. the models are constructed under the hypothesis that new nodes have a fixed number of out-links. The major problem of both models is that the nodes (web-pages) do not have a controlled number of out-links, they can have a huge number of them which does not seem realistic. Our strategy for modeling these networks is completely different to the ones proposed in [7, 8] . For us, most of the variability in the number of out-links is explained when the node appears, defined as "intrinsic" variability, and not as a product of updating nodes. We think that in many real networks the updating of nodes can give a small correction compared with the "intrinsic" variability. This assumption is at the core of our model. In a real network the "intrinsic" variability is given by different reasons that are hard to know (why does a randomly selected scientific paper has a number of references with some particular distribution?), but typically the problem of trying to understand this variability is not a major question.
We define N n = (N is the number of nodes with in-degree equal j at time n. Now, we describe the growing network model: 1) initially the network consists of M nodes connected in a given arbitrary way; 2) at each time step, say time step n + 1, a node with K out outgoing-edges appears, where K out is a random variable ( kout∈N P (K out = k out ) = 1); and 3) each new directed edge points out to an existing node with some probability law π n+1 (uniform, preferential linking, etc.) . Figure 1 illustrates a scheme of the model. If π n+1 is an arbitrary function that depends on N n , and/or N in,n (N out,n ), then the growing network model, described above is a Markov chain taking values in N 
